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A B S T R A C T

The mechanical behavior of fractured rock mass is significantly different from that of intact rock mass, and it is of 
great significance to study the mechanical response and damage law of crack rock to clarify the occurrence 
mechanism of deep geological disasters. Based on this, this paper prepared samples with cracks of different 
angles, simulated deep stress environment, and conducted triaxial compression test on the samples. Combined 
with crack strain theory and energy dissipation theory, the mechanical failure characteristics of the sample were 
analyzed. The results indicate that fractures significantly weaken the mechanical properties of the samples, with 
the strength of fractured rock decreasing by 53.85–64.67 % compared to intact rock, and the strength of frac
tured sandstone samples slightly increases as the crack angle increases. The evolution of crack volume strain 
reflects the damage and failure processes of the rock, while the slope of the crack volume strain curve indicates 
the rate of crack growth. The crack initiation stress and damage stress divide the crack volume strain process into 
the crack closing compaction stage, linear elastic deformation stage and stable expansion stage. With the crack 
angle increases, both crack initiation stress and damage stress initially decrease and then increase. The sample 
with an angle of 45◦ is the smallest, and the sample with an angle of 90◦ is the largest, indicating that the sample 
with a prefabricated angle of 45◦ is the most prone to failure. A mechanical crack propagation model was 
established to analyze the propagation behavior of the cracks, and the deflection propagation characteristics of 
the fractured sandstone are explained. Using damage mechanics and statistical theory, a multi-parameter damage 
evolution expression is developed. It is found that the slow damage growth stage of the sample with the crack 
angle of 45◦ lasted the longest and exhibited the fastest damage growth rate, explaining why it is most prone to 
failure. The evolution trends of total absorbed energy, elastic strain energy, and dissipated strain energy closely 
align with the stages of microcrack evolution in the sandstone samples. The evolution of energy dissipation 
reflects the overall damage and failure trends of the sample, and the theoretical model developed can charac
terize the damage and failure characteristics at a certain stage. Finally, based on the law of crack volume strain, a 
constitutive model for specimen damage and failure is developed, which is consistent with the test results, 
thereby verifying its accuracy.

1. Introduction

With the depletion of shallow resources, deep mining will become 
the norm of energy development in the future [1,2]. Sandstone, as a 
sedimentary rock widely distributed in depth, contains a lot of mineral 

resources and is very common in the process of resource exploitation. 
Under the influence of deep stress environment, the failure character
istics of sandstone are significantly different from those of shallow 
sandstone, it is easy to induce disasters such as rock burst, strong ore 
pressure and floor heave, which seriously affect the stability of 
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underground engineering [3–5]. Sandstone is a naturally fissured ma
terial, and its strength characteristics, mechanical properties, and failure 
modes under deep stress environments exhibit distinct differences 
compared to shallow sandstone [6–8]. Therefore, it is of great signifi
cance for deep engineering to study the mechanical behavior and 
damage mechanism of fractured rock in deep environment.

Currently, both domestic and international experts and scholars have 
conducted extensive research on the mechanical behavior of deeply 
fractured rock, yielding a series of results. Existing research is primarily 
focused on experimental and theoretical approaches. Gong et al. [9]
analyzed the damage and failure characteristics of samples during uni
axial compression testing based on energy dissipation theory, developed 
a constitutive model to characterize rock damage and failure, and 
verified its accuracy. Chen et al. [10] conducted uniaxial compression 
tests on rock samples of varying sizes, studied the relationship between 
sample size and elastic modulus, and explored the influence of sample 
shape and size on rock bursts. Chen et al. [11] captured the fracture 
signals of rock samples during the uniaxial compression failure process 
using acoustic emission, and examined the influence of surface cracks on 
the mechanical properties of the samples. As the test system continues to 
develop, it has become apparent that the influence of lateral stress on the 
mechanical properties of rock cannot be overlooked, prompting further 
in-depth research. Luo et al. [12], based on energy dissipation theory, 
investigated the conversion relationship between the energy absorbed 
before the peak strength of samples under varying confining pressures, 
dissipated energy, and properties, and explored the evolution of rock 
damage characteristics under different confining pressures. Li et al. [13]
used 3D printing technology and triaxial compression test to study the 
influence of crack geometry parameters and confining pressure on the 

failure morphology of the sample. Janeček et al. [14] experimentally 
studied the failure law of samples under different triaxial stress paths, 
and found that the deformation response characteristics of sandstone 
samples under different stress paths were significantly different. Zhang 
et al. [15] designed a true triaxial mechanics test to study the effect of 
the second principal stress on rock expansion and deformation, and 
proposed a rock dilatancy Angle model to reveal the dilatancy charac
teristics of rock triaxial stress. Wang et al. [16] studied the influence of 
rock cementation and intermediate principal stress on the failure 
mechanism of the sample through true triaxial mechanics tests, and 
divided the sample into three modes of structure-induced failure, 
structure-stress-induced failure, and stress-induced failure according to 
the failure characteristics of the sample. Abdellah et al. [17] analyzed 
the variation law of rock ultimate compressive strength under different 
incremental displacements and confining compressive stresses under 
uniaxial and triaxial compression conditions through numerical simu
lation. Liu et al. [18] simulated and analyzed the influence of excavation 
on the stability of surrounding rock by using dynamic and finite element 
methods. Feng et al. [19] constructed a numerical model based on rock 
CT scan data, simulated, and analyzed rock mechanical response and 
fracture characteristics under uniaxial compression. Deng et al. [20]
simulated and analyzed the influence of sample materials on the fracture 
behavior during uniaxial and triaxial compression using finite-discrete 
element method, and compared and verified the results of laboratory 
tests. The above analysis demonstrates that both physical testing and 
numerical simulation methods are widely used in the study of rock 
damage and failure mechanisms. However, the conclusions typically 
drawn are often specific to particular cases. To make the research results 
more universal, constitutive models that integrate rock damage and 

Fig. 1. Schematic diagram of Sample, test scheme and equipment.
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failure with experimental results have become an important tool for 
revealing the internal mechanisms of rock failure [21–25]. This brief 
literature review demonstrates that studying rock mechanical charac
teristics through physical testing and theoretical analysis is an effective 
approach. Experimental studies can directly observe the rock failure 
process and further investigate its evolution using acoustic emission and 

high-speed cameras. However, most existing studies primarily describe 
or explain experimental phenomena [26–29]. Rock damage and failure 
result from the initiation, expansion, and convergence of cracks. By 
analyzing the evolution of crack strain, the corresponding thresholds of 
crack progression at each stage of rock stress and strain can be defined, 
which helps to better reveal the internal mechanical behavior of crack 

Fig. 2. Stress-strain curves of the samples.
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growth and the mechanism of rock damage and failure during pro
gressive failure [30–33].

Building on this, the influence of crack angle on the variations in rock 
damage and failure characteristics under deep stress conditions is 
analyzed. First, the test samples and the testing procedure are briefly 
introduced. Second, using fracture mechanics theory and the principle of 
energy dissipation, the mechanical behavior characteristics of rock 
failure are analyzed, and the evolution of crack propagation during the 
test is discussed. Finally, a constitutive model for damage and failure of 
fractured rock under conventional triaxial compression is developed, 
and the model’s accuracy is verified. This study provides theoretical 
guidance for the implementation of deep underground engineering.

2. Triaxial compression experiment tests

To avoid the influence of primary cracks within the rock on the test 
results, the samples were obtained from a single sandstone block with 
uniform texture. The rock blocks were processed into standard cylinders 
with dimensions Φ50 mm × 100 mm after cutting and polishing. The 
parallelism, surface error, and perpendicularity of the specimen faces 
are controlled within ± 0.02 mm to comply with international standards 
for rock mechanics specimens. After cutting and grinding, the sample is 
slit with prefabricated crack angles of 0◦, 30◦, 45◦, 60◦, and 90◦, 
respectively. The crack length was 15 mm, and the crack width is 
0.5 mm. The specimen and its loading configuration are shown in Fig. 1
(a).

Based on relevant studies, the axial and confining pressures are set to 
15 MPa to simulate deep stress conditions. The tests were carried out on 
High Temperature and High-Pressure Rock Test System (GCTS RTX- 
3000) (Fig. 1 (c)). The loading procedure is as follows: First, the axial 
and confining pressures are simultaneously applied to 15 MPa by means 
of stress control, with a loading rate of 1 MPa/min. Then, with the 
confining pressure held constant, the extensometer reading is reset to 
zero; the displacement control method is used to increase the axial stress 
until failure of the sandstone samples, with a loading rate of 0.1 mm/ 
min. The stress loading path is illustrated in Fig. 1 (b).

3. Experimental results

3.1. Characteristics of the stress-strain curves for fractured sandstone 
samples

The stress-strain curves of intact sandstone samples and fractured 
sandstone samples are shown in Fig. 2. As shown in the figure, the 
strength of the intact sandstone sample is significantly higher than that 
of the fractured sandstone samples. The strength of the intact sandstone 
sample is approximately 130 MPa, while the strength of the fractured 
sandstone samples ranges between 45 and 60 MPa. However, the 
strength of the fractured samples increases gradually with the increase 
in crack angle. The axial strain, lateral strain, and volumetric strain of 
the sample during loading follow a similar trend to the stress variation. 
During the hydrostatic pressure stage, the internal cracks of the sample 

Fig. 3. Failure mode of fractured sandstone samples.
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Fig. 4. Variation of crack volume strain.
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are compacted, which makes the crack compaction stage less apparent in 
the stress-strain curve. The stress-strain curve follows a regular pattern 
of up-concave, approximately linear, down-concave, and drop, resem
bling an inverted "V" shape. The curves for lateral strain and volumetric 
strain with respect to stress exhibit similar shapes. However, lateral 
deformation is negative throughout the entire test, indicating dilatation 
in the sample, with increasing dilatational deformation as loading pro
gresses. Volumetric strain is influenced by both axial and lateral strains. 
Since the axial strain is larger than the lateral strain, the volumetric 
strain is positive in the early stage. In the later stages, lateral deforma
tion exceeds axial deformation, resulting in negative volumetric strain 
until specimen failure.

It can be seen from Fig. 2 that the stress-strain curve of the fractured 
sandstone sample initially drops and then rises, forming a zigzag pattern 
(Fig. 2(b)(d)), or an inflection point appears in the stress-strain curve 
(Fig. 2(c)(e)(f)). This behavior occurs because the cracks inside the 
sample are rapidly compacted under high stress, causing a sudden 
compression of the sample, after which the stress gradually increases.

3.2. Characteristics of the failure patterns for fractured sandstone samples

The failure mode diagram of the sample is shown in Fig. 3. Shear 
failure is observed in intact samples, whereas tensile-shear composite 
failure predominantly occurs in fractured sandstone. The crack 
morphology of fractured sandstone samples differs significantly from 
that of intact sandstone, exhibiting more complex crack forms, which 
result in the formation of both tension and shear cracks.

The intact sandstone is pure shear failure, and the angle between the 
fracture plane and the horizontal direction is 70◦. The crack at the crack 
tip of sandstone samples with an angle of 0◦ is complicated, and there 
are fragments spalling at the tip, and two shear cracks are mainly 
formed, with initiation angles of 55◦ and 60◦ respectively. As the crack 
angle increases, the angle between the fracture plane and the pre
fabricated crack plane becomes progressively larger, ranging from 50◦ to 
160◦. When the prefabricated crack angle exceeds 30◦, shear crack 
deflection occurs. The maximum deflection angles for samples with 
crack angles of 30◦, 45◦, and 60◦ are 117◦, 115◦, and 123◦, respectively. 
In contrast, the deflection angle of samples with a 90◦ crack angle is 
160◦, with no apparent tension cracks on the specimen surface. Based on 
the deformation and failure characteristics, an increase in the pre
fabricated crack angle results in a shift from brittle to plastic failure. 
However, the tension cracks at both ends of the prefabricated cracks did 
not propagate through the sample to form a penetrating fracture plane.

3.3. Crack propagation behavior

The damage and deformation of rock during loading result from the 
initiation and development of microcracks [34–36]. Microcracks 
continuously form during the loading process, and their propagation and 
penetration ultimately lead to the macroscopic failure of the rock. 
Therefore, from a microscopic perspective, the axial and circumferential 
deformation of sandstone samples result from the initiation and devel
opment of microcracks, and crack strain can describe the evolution 
process of microcracks in rocks.

The strain in the test process can be divided into elastic strain caused 
by matrix deformation and crack strain caused by micro-cracks in the 
rock, which can be calculated by the following formula [34]: 

εi = εe
i + εc

i (1) 

Where,εi,εe
i andεc

i are the total strain, elastic strain and crack strain 
corresponding to each principal stress direction, respectively, i = 1,2,3.

The formula for calculating the volume strain εv is: 

εv = ε1 + ε2 + ε3 (2) 

Where, ε1,ε2andε3are the strain corresponding to the direction of 

maximum principal stress, intermediate principal stress and minimum 
principal stress, respectively.

Similarly, the volume strain is composed of the crack volume strain 
formed by the closing of microcracks or the expansion and expansion of 
new cracks and the elastic volume strain formed by the matrix. 

εv = εe
v + εc

v (3) 

Where, εe
vandεc

vare elastic volume strain and crack volume strain.
According to Hooke’s law, the elastic strain during rock loading can 

be calculated as follows: 
⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

εe
1 =

1
E
[σ1 − μ(σ2 + σ3)]

εe
2 =

1
E
[σ2 − μ(σ1 + σ3)]

εe
3 =

1
E
[σ3 − μ(σ1 + σ2)]

(4) 

Where, εe
1,εe

2and εe
3 the corresponding elastic strain in the direction of 

the principal stress respectively, E and μ are the elastic modulus and 
Poisson’s ratio in the straight-line stage of the stress-strain curve, 
respectively.

Under conventional triaxial loading σ2 = σ3, therefore, the elastic 
volume strain can be calculated as follows. 

εe
v = εe

1 + εe
2 + εe

3 =
1 − 2μ

E
(σ1 − σ2) (5) 

Then the crack volume strain is, 

εc
v = εv − εe

v =
1 − 2μ

E
(σ1 +2σ3) (6) 

The change curve of crack volume strain under conventional triaxial 
loading is shown in Fig. 4. The figure clearly reflects the evolution 
process of micro-cracks. According to the volume strain and crack vol
ume strain of sandstone samples, there are characteristic stress thresh
olds in the crack evolution process in the pre-peak stage, such as crack 
closing stress (σcc), crack initiation stress (σci), damage stress (σcd) and 
peak strength (σf ). The threshold points divide the crack evolution 
process into four stages: crack compaction, elastic compression, steady 
crack growth, and crack acceleration growth. It was observed that the 
initial crack closing stage lasts longer in fractured sandstone samples 
than in intact samples, with the shortest duration occurring at a crack 
angle of 45◦ and the longest at 90◦. As stress continues to increase, it 
does not reach the threshold required for microcrack initiation, causing 
the crack volume strain curve to remain approximately horizontal. At 
this stage, few or no microcracks are present, and the volume strain of 
sandstone samples results from the elastic volume strain caused by 
matrix deformation. During this stage, intact sandstone samples exhibit 
a longer duration than fractured sandstone samples. When the pre
fabricated crack angle is 45◦, the elastic stage duration is the shortest, 
while at a 0◦ crack angle, the duration is the longest.

When the applied stress exceeds the threshold required for micro
crack initiation, microcrack initiation and propagation commence, as 
evidenced by the increase in crack volume strain. Because crack initia
tion and propagation are an expansion process, the crack volume strain 
is negative. The elastic volume strain caused by the matrix increases 
linearly, causing the growth rate of volume strain to decelerate. At this 
stage, intact sandstone samples exhibit a longer duration than pre
fabricated fractured sandstone samples. When the prefabricated crack 
angle is 30◦, the duration of the stable crack growth stage is the shortest, 
while at crack angles of 60◦ and 90◦, the duration is the longest. When 
the applied stress surpasses the elastic volume strain caused by matrix 
compression, the sandstone sample transitions from volume compres
sion to volume expansion at the macroscopic level. The rock begins to 
expand, the volume strain decreases, and the stress-strain curve becomes 
nonlinear. Ultimately, the cumulative cracks within the specimen 
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coalesce to form penetrating cracks, leading to sample failure. It is 
important to note that, because the sample underwent loading during 
the hydrostatic pressure stage, the internal cracks were compacted. 
However, the stress-strain behavior during the loading stage is primarily 
analyzed in the figure, which is why the crack compaction stage is not 
clearly observed in Fig. 4.

4. Discussion

4.1. Analysis of failure characteristics

Fig. 5 shows the mechanical model of crack propagation in sandstone 
samples under pressure. A prefabricated inclined crack with length L is 
introduced at the center of the sandstone sample, with an angle β be
tween the crack and the axial direction. A planar rectangular coordinate 
system xOy is defined with the crack center as the origin. The X-axis is 
parallel to the direction of the prefabricated crack, while the Y-axis is 
perpendicular to it.

The relationship between the stress on the prefabricated crack sur
face and the axial stress and the circumferential stress is, 
{

σyy = σ1sin2β + σ3cos2β
τxy = (σ1 − σ3)sin β cos β

(7) 

Where, σyyis the normal stress on the crack surface, MPa; τxyis the shear 
stress on the crack surface, MPa.

Due to the friction effect, the normal stress on the prefabricated crack 
surface will form friction τf and reduce the shear stress on the crack 
surface, so the effective shear stress on the crack surface is: 

τeff = τxy − τf = τxy − fσyy

= (σ1 − σ3)sin β cos β − f
(
σ1sin2β + σ3cos2β

) (8) 

Where, f is the friction coefficient.
When a non-closed crack is pressurized, the crack tip is subjected to 

the joint action of tensile stress and shearing stress, so the crack tip stress 
field can be calculated according to the following formula: 
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

σrr =
1

2
̅̅̅̅̅̅̅̅
2πr

√ cos
[
KI cos

α
2
(3 − cos α) + KII sin

α
2
(3 cos α − 1)

]

σαα =
1

2
̅̅̅̅̅̅̅̅
2πr

√ cos
α
2
[KI(cos α + 1) − 3KII sin α]

σrα =
1

2
̅̅̅̅̅̅̅̅
2πr

√ cos
α
2
[KI sin α + KII(3 cos α − 1)]

(9) 

Where, α is the polar angle and r is the distance between the microele
ment and the tip of a single crack. KI and KII are the stress intensity 
factors of tensile crack and shear crack, respectively.

According to the theory of fracture mechanics, the stress intensity 
factor at the tip of the central inclined crack is [37], 
{

KI = σyy
̅̅̅̅̅̅
πa

√
=

(
σ1sin2β + σ3cos2β

) ̅̅̅̅̅̅
πa

√

KII = τeff
̅̅̅̅̅̅
πa

√
=

[
(σ1 − σ3)sin β cos β − f

(
σ1sin2β + σ3cos2β

)] ̅̅̅̅̅̅
πa

√

(10) 

According to the maximum circumferential tensile stress criterion, if 
the crack spreads in the direction of α, the following conditions need to 
be met. 
⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

∂σαα

∂α |α=α0
= 0

∂2σαα

∂α2 |α=α0
< 0

(11) 

That is, the expression in formula (9) is 0 after partial derivative of 
σαα, 

cos
α
2
[KI sin α+KII(3 cos α − 1)] = 0 (12) 

When cos(α/2) = 0, the second order partial differential is greater 
than 0, which does not meet the conditions of formula (11), so the crack 
initiation Angle should meet: 

[KI sin α+KII(3 cos α − 1)] = 0 (13) 

According to formula (13), the value of crack initiation Angle α de
pends on KI and KII.

When KII = 0, the crack belongs to tension crack, and α = 0◦, the 
crack extends along the prefabricated crack extension direction.

When KI= 0, the crack belongs to pure shear crack, and the crack 
initiation angle |α| = 70.5◦.

When KI∕= 0, KII ∕= 0, it can be obtained by formula (13): 

α = 2arctan
KI

/

KII ±

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(KI/KII)
2
+ 8

√

4
(14) 

According to the maximum circumferential tensile stress criterion, 
the cause of tensile crack can be explained, but there is no way to explain 
the cause of deflection shear crack.

For the deflection shear crack, the maximum radial shear stress cri
terion can be used. According to formula (9), the first and second partial 
derivatives of α should meet the following conditions: 
⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

∂σαα

∂α |α=αII
= 0

∂2σrα

∂α2 |α=αII
< 0

(15) 

The calculation result is aII= 0◦or | aII|= 123.8◦。

4.2. Characteristics of the energy evolution for samples

During the testing process, the energy exchange between the sand
stone sample and its external environment can be considered dynami
cally conserved, with energy continually redistributed within the 
sample. The testing environment is maintained at room temperature, 
and heat radiation and conduction are negligible. As a result, the me
chanical energy input is primarily converted into elastic strain energy 
and plastic strain energy. Consequently, the following formula can be 
derived. 

U = Ud +Ue (16) 

Fig. 5. Mechanical model of crack growth under pressure.
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Where, U, Ud and Ue is the total energy input per unit volume of rock, 
dissipated energy, and stored energy when elastic deformation occurs, 
MJ/m3. Based on the stress-strain relationship and the corresponding 
strain energy calculation method, the calculation methods of Ud and Ue 
are shown in Fig. 6.

It is assumed that the interior of the rock is homogeneous and 
isotropic during loading. According to the elastic theory, the expression 
of elastic strain energy density during loading is as follows: 

Ue =
1
2
(σ1ε1 + σ2ε2 + σ3ε3) (17) 

The following formula is obtained from generalized Hooke’s law. 
⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

ε1 =
1
E
[σ1 − μ(σ2 + σ3)]

ε2 =
1
E
[σ2 − μ(σ1 + σ3)]

ε3 =
1
E
[σ3 − μ(σ1 + σ2)]

(18) 

Substitute the formula (18) into the formula (17): 

Ue =
1
2E

[
σ2

1 + σ2
2 + σ2

3 − 2μ(σ1σ3 + σ2σ3 + σ1σ3)
]

(19) 

For conventional triaxial loading, formula (19) can be written as 
follows: 

Ue =
1
2E

[
σ2

1 +2σ2
3 − 2μ

(
2σ1σ3 + σ2

3
)]

(20) 

In a conventional triaxial loading test, hydrostatic pressure induces 
compressive deformation in sandstone samples, thereby performing 
positive work on the samples. When the axial stress exceeds the 
confining stress, axial deformation in the sandstone samples exhibits 
compressive characteristics, while the circumferential deformation 
shows expansive characteristics. The circumferential stress resists the 
expansion of the sandstone samples, leading to positive work performed 
by the axial stress and negative work performed by the circumferential 
stress. The total energy density of the sandstone samples during loading 
can be calculated using the following formula. 

U = U1 +2U3 +U0 (21) 

Where U1, U3 and U0 are respectively the strain energy density of axial 
stress, circumferential stress, and hydrostatic pressure work, MJ/m3. 

U0 =
3(1 − 2μ)

2E
σ2

3 (22) 

During the test, the work done by the external force is transformed 
into the axial strain energy density U1 and the circumferential strain 
energy density U3, which are obtained according to the integral of the 
stress-strain curve. 
⎧
⎪⎪⎨

⎪⎪⎩

U1 =

∫ εt
1

0
σ1dε1

U2 =

∫ εt
3

0
σ3dε3

(23) 

Where, εt
1 is the axial strain at time t; εt

3is the toroidal strain at time t. 

Ud = U1 +2U3 +U0 − Ue (24) 

Based on the above formulas and combined with conventional 
triaxial test data, the strain energy density of sandstone samples under 
conventional triaxial loading was calculated, as shown in Fig. 7.

As shown in Fig. 7, the variation trend of strain energy density in 
sandstone samples is consistent. With the continuous application of axial 
stress, the input strain energy density increases progressively, with 
elastic strain energy density initially dominating, while dissipative 
strain energy density remains relatively small under low stress condi
tions. Once the stress exceeds the yield stress, the dissipative strain en
ergy density increases rapidly, while the growth rate of elastic strain 
energy density begins to decline. This evolution of energy density aligns 
with the stages of microcrack development.

The energy evolution behavior of fractured sandstone samples 
generally mirrors that of intact sandstone samples. However, during the 
initial loading stage, the input energy is predominantly converted into 
dissipative strain energy, with the density of dissipative strain energy 
being higher than that of elastic strain energy. This suggests that the 
energy dissipated due to crack closure in fractured sandstone during the 
initial crack compaction stage is greater than in intact sandstone sam
ples. Nevertheless, the stress after micro-crack closure does not reach the 
threshold required for micro-crack propagation, and as a result, the 
energy dissipation stabilizes at a fixed value. At this stage, energy 
dissipation primarily occurs through the friction of microcracks. When 
the stress exceeds the stress condition required for microcrack initiation, 
the evolution law of strain energy density in subsequent stages is basi
cally consistent with the change trend of intact sandstone samples. 
However, due to the existence of prefabricated cracks, the strain energy 
density of fractured sandstone samples is much smaller than that of 
intact sandstone samples. Taking the peak stress as an example, the 
strain energy density of intact sandstone samples is 4–7 times that of 
fractured sandstone samples, which essentially explains the weakening 
effect of prefabricated cracks on sandstone samples.

Especially after the peak stress, the rapid expansion of macroscopic 
cracks lead to specimen failure, causing a sharp decrease in the bearing 
capacity of the sandstone specimen. The axial strain of the sandstone 
specimen continues to increase under compressive stress, resulting in a 
continuous rise in total strain energy density. The dissipative strain 
energy density increases rapidly, while the elastic strain energy density 
begins to decrease. However, the sample with a crack angle of 30◦ still 
maintains a high residual strength after the peak value and does not 
break rapidly, so the dissipative energy does not increase rapidly (Fig. 7
(c)). This suggests that when rocks lose their load-bearing capacity, 
previously stored elastic strain energy is released and converted into 
other forms of energy. In cases where the rock is brittle and has a free 
surface, the elastic strain energy is likely converted into the kinetic 
energy of ejected fragments, which contributes to dynamic disasters 
such as rock bursts.

4.3. Analysis of specimen damage evolution

4.3.1. Damage correlation analysis
From the point of view of statistics, the damage characteristics of 

rock are described based on damage mechanics. If the strength law of 

Fig. 6. Calculation diagram of elastic strain energy and dissipative strain en
ergy based on stress-strain curve.
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micro-components in rocks follows Weibull distribution, the probability 
density of strength distribution of rock elements can be calculated ac
cording to the following formula: 

P(ε) = m
γ

(
ε
γ

)m− 1

exp
[

−

(
ε
γ

)m]

(25) 

Where, P(ε) is the strength distribution function of the unit; ε is the 
strain at a certain point in the rock mass, γ and m are the damage related 
parameters.

The damage variable D is defined as the ratio of the number of 
damaged particles and the total number of particles in the rock. 

D =
h
H

(26) 

Where, H is the total number of particles in the rock in a lossless state; h 

is the number of damaged particles in the rock after loading.
When the strain is ε, the number of damaged elements can be 

calculated by the following formula. 

h =

∫ ε

0
HP(ε)dε = H

{

1 − exp
[

−

(
ε
γ

)m]}

(27) 

Then D is, 

D = 1 − exp
[

−

(
ε
γ

)m]

(28) 

When the rock is undamaged, D= 0; When the rock is damaged, 
0 <D<l. In the theory of damage mechanics, the stress-strain relation
ship of damaged rock is defined as, 

σ = E(1 − D)ε (29) 

Fig. 7. Energy evolution of samples.
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Then the constitutive relation of damaged rock body under external 
loading is as follows. 

σ = Eεexp
[

−

(
ε
γ

)m]

(30) 

Where, σis the stress of the rock under load, which is approximately the 
slope of the straight section of the stress-strain curve, MPa; E is the 
elastic modulus of the rock in a non-destructive state, GPa; εis the strain 
of rock under load. 

σ
E
= εexp

[

−

(
ε
γ

)m]

(31) 

Derivation gives the following formula: 

dσ
dE

⃒
⃒σ = σf , ε = εf = 0 (32) 

Where, σf is the stress of the rock when it reaches the peak value, MPa; εf 
is the axial strain of the rock at peak stress.

Combined with the above formula, the damage related parameters m 
and γ are obtained： 

m =
1

ln
(

Eεf
σf

) (33) 

γ = εf m
1
m (34) 

According to the stress, axial strain, and elastic modulus at the peak 
of stress-strain curve of sandstone samples under conventional triaxial 
loading, the damage parameters of sandstone samples with pre
fabricated cracks at different angles can be calculated, as shown in 
Table 1 below.

Assuming that one damage-related parameter is fixed, the relation
ship between the other damage-related parameter and sample damage is 
analyzed. Based on the experimental data, the damage-related param
eters m and γ are calculated within the ranges of 2.4135–20.4363 and 
0.0048–0.0168, respectively. For γ= 0.02 and m= 4.7, the influence of 
these damage-related parameters on the damage evolution curve is 

shown in Fig. 8.
As shown in Fig. 8 (a), the damage variable increases slowly during 

the initial deformation stage of the sandstone sample, and then accel
erates once the deformation reaches a certain threshold. The smaller the 
damage-related parameter m, the shorter the flat segment, and the faster 
the damage variable begins to increase, although the growth rate re
mains slower. The parameter m represents the deformation threshold at 
which the rapid increase in the damage variable begins for the sandstone 
samples.

From Fig. 8 (b), it is evident that the damage-related parameter γ is 
associated with the slope of the damage variable evolution curve. The 
larger the value of γ, the smaller the slope of the damage variable in the 
pre-peak stage, indicating a slower rate of increase in the damage var
iable. Thus, the parameter γ can characterize the growth rate of the 
damage variable in sandstone samples.

4.3.2. Damage characteristics based on energy evolution
Rock fracture is the result of the further development of internal 

defects and micro-cracks under the action of stress, which is accompa
nied by the evolution of energy dissipation [38,39]. The dissipative 
strain energy of rock accumulates continuously with the increase of 
stress, so it can be assumed that the damage variable of sandstone is 1 
when the peak stress is reached. At this time, the dissipated strain energy 
density is the dissipated strain energy density required for failure, and 
the damage variable D can be calculated by the following formula. 

D =
Ut

d

Uf
d

(35) 

Where, Ut
dstrain energy density U is a certain dissipated strain energy 

density at time t, MJ/m3; Uf
d is the dissipation at the peak stress, MJ/m3.

The variation in damage variables of sandstone samples is shown in 
Fig. 9. Compared to the previous two damage analysis methods, the 
damage variable defined by dissipated strain energy density better ac
counts for the influence of prefabricated cracks on initial damage. 
Moreover, its variation trend is more consistent with the failure process 
of sandstone samples during loading. In the initial loading stage, as 
stress increases, cracks close, causing a slight increase in the damage 
variable. During the elastic compression stage, the damage variable 
curve remains nearly horizontal, with the damage variable either 
increasing slowly or remaining constant. Upon entering the rapid crack 
growth stage, the damage variable rises sharply, reaching its maximum 
value at peak strain, at which point the specimen fails.

The entire damage process of the sample can be more effectively 
represented through energy dissipation analysis, while the damage state 

Table 1 
Damage parameters.

Intact 0◦ 30◦ 45◦ 60◦ 90◦

m 4.8668 3.9708 8.8628 20.4363 2.4135 5.3587
γ 0.0168 0.0056 0.0049 0.0048 0.0084 0.0076

Fig. 8. Influence of damage related parameters on damage evolution curve: (a) Effect of m on damage evolution;(b) Effect of ε0 on damage evolution.
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of the sample under specific conditions can be more accurately analyzed 
using mechanical parameter analysis. These two methods can be 
employed to investigate the damage and failure characteristics of 
sandstone, with their combined strengths offering a comprehensive 
analysis of rock damage.

By comparing the strain energy density of the single-fracture sand
stone sample at peak stress, it is observed that strain energy density 
increases with the prefabricated crack angle. The relationship between 

the prefabricated crack angle and strain energy density is shown in 
Fig. 10. A strong linear correlation exists between the prefabricated 
crack angle and strain energy density at peak stress. The goodness of fit 
for the total strain energy density, elastic strain energy density, and 
dissipative strain energy density relative to the prefabricated single 
crack angle are 0.92, 0.91, and 0.91, respectively. When the pre
fabricated single crack angle is 0◦, the total strain energy density, elastic 
strain energy density, and dissipative strain energy density are minimal. 

Fig. 9. Analysis of specimen damage evolution law.
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As the crack angle increases, the strain energy density increases. This 
also explains the phenomenon where smaller crack angles correspond to 
lower peak stress values.

4.4. Analysis of damage constitutive model

The crack volume strain in the conventional triaxial loading process 
is calculated above. Similarly, the axial strain is also composed of axial 

Fig. 10. Effect of crack angle on energy density of samples.

Fig. 11. Quantization diagram of axial strain at crack closing stage. Fig. 12. Axial crack strain of fractured sandstone.
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elastic strain and axial crack strain, as shown in Fig. 11.
According to formula 36. It can be found that the axial crack strain 

increases with the stress loading process (Fig. 12), but when the stress 
reaches a certain value, the axial crack strain no longer increases but 
fluctuates up and down within a certain range, and then the axial crack 

is cracked. The grain strain reaches its maximum.
The axial crack strain is a function of σ1-σ3, and the relationship 

between the axial crack strain and the stress difference can be expressed 
by a negative exponential function. 

Fig. 13. Comparison between experimental data and theoretical analysis results.
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εc
1 = Vm

[

1 − exp
(

−
σ1 − σ3

p

)]

(36) 

A model can be obtained to quantitatively characterize the initial 
crack closure stage and elastic stage. 

ε1 =
σ1 − σ3

E
+ Vm

[

1 − exp
(

−
σ1 − σ3

p

)]

(37) 

Considering that the strength of sandstone samples gradually de
creases due to the unsteady expansion of microcracks near the peak 
stress, and the elastic modulus also decreases with the expansion of 
microcracks. Combined with the damage variables defined above, a 
model that can characterize the pre-peak stage is obtained. 

ε1 =
σ1 − σ3

(1 − D)E
+ Vm

[

1 − exp
(

−
σ1 − σ3

p

)]

(38) 

The results show that the calculated results of the model are in good 
agreement with the experimental data, which proves that the new model 
can match the pre-peak behavior of sandstone samples under conven
tional triaxial loading. However, it should be noted that the damage 
variable is defined as the complete failure of the sandstone sample at 
peak stress, in fact the sample retains some strength after peak stress in 
the test.

5. Conclusions

In this study, triaxial compression tests were conducted on sandstone 
samples with pre-existing cracks at different angles. Based on the 
experimental data, the internal mechanisms of sandstone failure were 
explored theoretically, with a particular focus on the influence of crack 
angle on rock damage and failure. The main conclusions are as follows: 

(1) The presence of cracks significantly impacts the mechanical 
properties of sandstone samples. The peak strength of cracked 
samples is notably lower than that of intact samples, with a 
decrease ranging from 53.85–64.67 %. As the crack angle in
creases, the peak strength rises monotonically, from 46.6 MPa at 
0◦ to 60.9 MPa at 90◦. This phenomenon can be explained by the 
variation of total absorbed energy and dissipated energy during 
sample damage.

(2) The crack volume strain can explain the damage fracture defor
mation law of fractured sandstone samples. The decrease and 
subsequent increase in crack volume strain indicate the closing, 
initiation, and expansion of internal cracks within the sample. 
When it is 0, the initial crack inside the sample is completely 
closed. According to this, the pre-peak process of progressive rock 
failure can be divided into crack closing compaction stage, linear 
elastic deformation stage and stable expansion stage. With the 
increase of crack Angle, crack initiation stress and damage stress 
decrease first and then increase. The sample with angle of 45◦ is 
the smallest, and the sample with angle of 90◦ is the largest.

(3) A mechanical model of crack propagation is established. Based on 
the maximum radial shear stress criterion, an analytical model of 
crack initiation angle and crack propagation is established. When 
tensile failure occurs, the crack propagates along the pre
fabricated crack direction. When shear failure occurs, the crack 
initiation angle is about 75◦, and the deflection angle of the shear 
crack is about 123.8◦. The theoretical analysis results explain the 
characteristics of sandstone failure modes under conventional 
triaxial compression.

(4) Based on the theory of damage mechanics and statistics, the 
damage related parameters m (damage rapid growth stage) and γ 
(damage variable growth rate) are introduced to construct the 
damage evolution expression, and the influence of crack angle on 
the sample damage speed is analyzed. With the increase of crack 
angle, m first increases and then decreases, and the sample with 

crack angle of 45◦ is the largest. γ decreases first and then in
creases, and the sample with crack angle of 45◦ is the smallest. 
The results shows that the slow damage growth stage is the 
longest, the damage increase rate is the fastest, and the damage 
failure is the fastest during loading.

(5) Combined with axial crack strain and damage variables, the 
damage constitutive model of sandstone samples under conven
tional triaxial loading is established. The theoretical results are 
basically consistent with the experimental data, which verifies 
the accuracy of the model.
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