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The work focuses on transient response of a deep-buried circular lined diversion tunnel with an imperfect rock-
liner interface, which is full of water, subjected to an aperiodic blasting or seismic P-wave in a full space. Laplace
transform was first applied to governing equations in rock mass, liner and water to obtain the frequency-domain
expressions of wave fields in various media under planar blasting or seismic P-wave. Furthermore, a spring
interface model was adopted to describe rock mass-liner imperfect characteristics. Laplace transformation was
performed for the imperfect rock mass-liner and perfect liner-fluid boundary conditions to determine complex
coefficients of wave fields in the frequency domain. Ultimately, corresponding time-domain solutions triggered
by the planar blasting or seismic P-wave were evaluated by numerical inverse algorithm. Limitation analyses
including a deep-buried empty cavity and a lined counterpart verified the proposed method under triangular P-
wave excitation. The theoretical results indicated that the scopes perpendicular to the perturbation direction
generated pronounced dynamic tensile or compressive stress concentration under the blasting or seismic P-wave.
The rock mass-liner contact state had a significant influence on the transient response of surrounding rock, liner
and water and the effect of radial elastic coefficient on dynamic response was more sensitive than that of hoop
counterpart, especially in fluid. The existence of fluid promoted the interaction between the stress wave and the
lined tunnel, resulting in more remarkable fluctuations of time-domain response. These results can provide a
theoretical basis for the earthquake resistant design and support of diversion tunnel.

1. Introduction environment for diversion tunnel stability. Practical engineering case

studies have revealed that strong disturbance can trigger severe damage

Deep-buried diversion tunnels, essential components of major hy-
dropower and water conveyance projects, are frequently constructed in
complex geological environments characterized by high geo-stress.
During their long service life, these underground structures are inevi-
tably subjected to transient dynamic perturbations, stemming from
various sources, including production blasting in excavations, seismic
events and other human-induced vibrations [1,2]. Unlike harmonic
waves, these real-world perturbations are characterized by transient and
aperiodic variations, short durations and broad frequency spectra [3,4].
The superposition of aforementioned dynamic loads onto the
pre-existing high static stress fields results in challenging mechanical

and failure in diversion tunnels, manifesting as concrete spalling, lining
cracks, rockburst of surrounding rock and collapse [2,5]. Thus, it is
importance to investigate the scattering mechanism triggered by stress
disturbance and transient wave-induced response around a deep-buried
diversion tunnel.

Extensive investigations have focused on the steady-state dynamic
response of deep-buried single or twin tunnels and roadways subjected
to harmonically time-varying waves. The foundational work in this field
frequently employs the wave function expansion method (WFEM). This
method was pioneered by Mow and Pao [6] for analyzing the dynamic
stress concentration around an empty cavity subjected to P-, SV- and
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SH-waves in a full space. Based on the work presented by Mow and Pao
[6], subsequent investigations utilized WFEM to explore the scattering
and diffraction of elastic waves by various configurations, including
single lined tunnel, twin unlined tunnels or twin lined counterparts
[7-12]. A critical aspect of modelling lined tunnels was the character-
ization of the rock mass-liner interface. Many analytical models assumed
a perfect contact interface, where displacement and stress components
were continuous across the rock mass-liner boundary [12]. However,
this idealization frequently contradicted practical engineering. To
address this, some scholars proposed imperfect rock mass-liner contact
interface models to account for potential discontinuities caused by fac-
tors such as waterproof board, uneven surfaces, or pre-existing geolog-
ical features like foliation, micro-cracks, faults and joints [7,8,10,11].
These investigations highlight that such imperfection remarkably alter
dynamic stress distributions and become potential damage and failure
initiation zones. WFEM is powerful, while it is inherently limited to
conventional geometries like circles and ellipses. To solve the scattering
and diffraction by arbitrary cross-sections in a full space, the combina-
tion of complex function method (CFM) and conformal mapping tech-
nique was proposed [13]. Based on the investigation conducted by Liu
et al. [13], scattering and diffraction of P-wave by an elliptic
cross-section, straight-wall arched tunnel and composite lined horseshoe
tunnel were analyzed [14-17]. Moreover, some numerical schemes were
also adopted to investigate the scattering and diffraction of harmonic
waves by underground tunnels. Liu et al. [18] utilized indirect boundary
element method (IBEM) to analyze the dynamic interaction between a
shallow-buried liner tunnel and a hill subjected to in-plane SV-wave. Xu
etal. [19] employed indirect boundary integral element method (IBIEM)
to investigate the diffraction and scattering of Rayleigh waves by two
shallow-buried tunnels and the effects of porosity, incident frequency
and cavity spacing on the surface displacement and stress distribution
around the cavities were discussed. Yang et al. [20] used finite-infinite
element method to analyze the scattering of harmonic P- and
SV-waves by a shallow-buried circular cavity. It is crucial to note that
the aforementioned references focus on the dynamic response triggered
by harmonic SH-, SV- and P-waves under specific frequency. In contrast,
the real-world disturbances from blasting or earthquakes are predomi-
nantly transient and aperiodic in nature. The dynamic response mech-
anisms differ from the well-studied harmonic case. Therefore, it is
necessary to investigate the dynamic response induced by the aperiodic
time-varying load.

For the theoretical transient analysis, methods such as the combi-
nation of the Fourier synthesis technique with the Duhamel integral
method (FST-DIM), the combination of the Fourier synthesis technique
with domain transformation and numerical inversion (FST-DT-NI) and
the combination of integral transform with numerical inversion (IT-NI)
have been widely employed to investigate the dynamic time-history
response, spatiotemporal evolutions of stress and velocity around tun-
nels in a half or full space [21-28]. Using FST-DIM, Tao et al. [23] and Li
et al. [29] presented the dynamic stress concentration and velocity vi-
bration around an circular empty cavity subjected to triangular or
needle load and the effects of ratio of wavelength to diameter, waveform
and physical parameters of the rock mass were explored. Moreover,
based on FST-DIM, the transient response of twin lined tunnels with
imperfect rock mass-liner interfaces under horizontal disturbance was
investigated and the effects of center-to-center distance between twin
tunnels, radial and hoop elastic coefficients of the imperfect rock
mass-liner interfaces were explored [30]. By applying FST-DT-NI, the
transient response of a shallow lined tunnel was analyzed and the in-
fluences of embedment depth, incident angle and rock mass-liner
interface state on the dynamic stress concentration and velocity vibra-
tion were discussed [26]. Using IT-NI, the transient response of a lined
tunnel with imperfect rock mass-liner interface was obtained and the
effects of interface coefficients and liner thickness were analyzed [27,
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28]. Regarding the transient response of fluid-filled tunnels, Tao et al.
[31] and Li et al. [21] employed FST-DIM to analyze the effects of the
fluid, Poisson’s ratio of rock mass and rock mass-liner interface contact
state on dynamic response. Using a combination of WFEM, modified
Graf’s addition theorem, Fourier synthesis approach and Duhamel in-
tegral, Mei et al. [32] analyzed the scattering and diffraction of trian-
gular blasting P- and SV-waves by twin lined diversion tunnels with
imperfect rock mass-liner interfaces in a full space and the effects of
disturbance direction, tunnel spacing, ratio of tunnel radius and rock
mass-liner interface state on the dynamic response of surrounding rock,
liner and water were presented. However, it should be noted that the
aforementioned transient response of a single or multiple tunnels are
evaluated by simplifying the disturbance function as triangular load [29,
30], Ricker-wavelet waveform [33-36], half-sine waveform [37,38] or
needle counterpart [39]. These simplifications fail to accurately char-
acterize the variations of complex perturbation load and evaluate the
theoretical dynamic response triggered by intricate disturbance.
Therefore, it is necessary to investigate the dynamic response of
fluid-filled lined tunnel with imperfect rock mass-liner interface sub-
jected to an arbitrary disturbance waveform.

This paper focuses on the transient response of a fluid-filled diversion
tunnel with an imperfect rock mass-liner interface subjected to planar
blasting or seismic P-wave in a full space. The frequency-domain solu-
tions around the fluid-filled lined tunnel with an imperfect rock mass-
liner interface were first derived analytically using integral transform
techniques. These solutions were subsequently inverted into the time-
domain results via numerical inversion of Laplace transform. The val-
idity and accuracy of the proposed method were established by degen-
erating the present model to specific cases and comparing the results
with the existing theoretical and numerical benchmarks from references.
Ultimately, the effects of elastic modulus of surrounding rock, elastic
coefficients of the imperfect interface and waveform under planar
blasting or seismic P-wave were discussed in detail.

2. Frequency-domain and time-domain solutions of diversion
tunnel

2.1. Computational model and incident wave field in the frequency
domain

It is assumed that an infinite circular lined diversion tunnel is
embedded in a full-space rock mass and that the disturbance direction is
perpendicular to the tunnel axis. Both the rock mass and liner are ho-
mogeneous, elastic and isotropic, characterized by the mass density p;,
Lame’s constants A; and ; (I=1,2), where subscript = 1 and [= 2 denote
the rock mass and liner, respectively. The water is treated as an ideal
compressible and inviscid fluid, whose physical parameters are defined
by bulk modulus K,, and mass density p,,. Based on the preceding as-
sumptions, the computational model subjected to blasting or seismic
dynamic disturbance is simplified as plane strain problem, as demon-
strated in Fig. 1. Inner and outer radii of the liner are a and b, respec-
tively. A Cartesian coordinate (x,y) with origin at the tunnel center and
corresponding polar counterpart (r,6) are introduced to describe the
incident and scattered wave fields as well as boundary conditions in
both the frequency and time domains.

When a time-domain function f; (t) is characterized by f; (t) = 0 for
t < 0 and defined in the time-domain interval [0, + o), the Laplace
transformation of the time-domain function is represented by

Fils) = /0 (et a

where s denotes the Laplace transformation parameter.
In practical engineering, the disturbance load induced by blasting
excavation or earthquake is frequently characterized by sampled or
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tabulated functions with finite time points. The Laplace transform re-
quires the overall variation of the function over the entire semi-infinite
time domain [0, +0), while the sampled data recorded by blasting vi-
bration meter or seismometer are frequently available over a finite in-
terval. Therefore, appropriate extrapolation to infinity is conducted to
evaluate the Laplace transformation of the sampled or tabulated data. In
general, the initial value of sampled data is characterized by zero and
the sampling frequency is known in the range [0, ty], while extrapolation
is required in the range [ty,+o0). To obtain the various function ap-
proximations at the adjacent two endpoints, the Laplace transformation
of the perturbation load is represented by

- [ hwe

Here a piecewise-linear interpolation is employed to construct a
continuous function from the sampled data for evaluating these in-
tegrals. For the third integral mentioned above, it is assumed that the
value of sampled data is zero when time variable exceeds ty,;.
Substituting the piecewise linear approximation into Eq.(2), the Laplace
transform simplifies

f( 0 —st0+zd J+1

+o0
fi(t)e™dt (2)

N

N
“tdt 4 / filbesdt +
51

G — e ) 7?(375[", @)

where d; = 12*1:? denotes the slop between adjacent sampling points. P;

represents the sampled value at time t;.

When the distance from the wavefront of the disturbance P-wave to
the tunnel center O equals to d, time is initialized. Applying the Laplace
transformation to the disturbance load, the frequency-domain expres-
sion of the incident wave is expressed as

— x+d
¢<i) _ efsc"’fl (s) 4

where C;p = /(M + 2)11)/p; denotes the longitudinal wave velocity in
the rock mass. Using the cylindrical coordinate system, Eq.(4) is further
expanded into the series form

0 = e kidf (s ) (- I(kipr)cosnd )
n=0

where I,,(e) denotes the modified Bessel function of the first category
with order n. ky, = s/Ci, stands for wavenumber of longitudinal wave in

the Laplace domain. &, is the Neumann factor (¢ = 1, & =
2 forn > 1), consistent with cylindrical wave expansion conventions.

Transient disturbance
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2.2. Frequency-domain solutions of wave equations in the rock mass and
liner

Neglecting the effect of body traction, the motive equation for elastic
waves in the rock mass and liner is written as

oy
WV2U -+ () VY et = prog (6)

where V? stands for the Laplace operator. V represents the cylindrical
gradient. u; (I=1, 2) denotes the displacement vector. Based on Helm-
holtz decomposition principle, the displacement vector mentioned
above is expressed as a combination of the gradient of a scalar potential
¢; with the curl of a vector potential y;, represented by

w = V) + Vay,” %)

Substituting Eq.(7) into Eq.(6) leads to the following wave equations,
given by

1
2 1
v ¢l C2 ot2
8
2. (s) 1 azll’l(S) ®
VWG e

where Cj, = /(M +2;)/p; and Ci; = /}y;/p; denote the longitudinal

and transverse wave velocities, respectively. Applying Laplace trans-
form to Eq.(8) leads to the following frequency-domain equations [28].

AT
o2 r or r* 9¢* ¢1 a
_ _ - ©
2, (5) (s) 2,,(5) -
Fy” 1oy 1y ¢ v =0

o Tror TR Tt

The general solutions of Eq.(9) are expressed as the product of the
modified Bessel functions and trigonometric functions. According to the
symmetric characteristic of the computational model and the selection
principle of frequency-domain potential functions, the outgoing scat-
tered waves generated around the rock mass-liner interface in the rock
mass are represented by

o = ZAMK,, (Elpr) cosnd
n=0

‘Pl = ZBln

10)

klsr sinné

Fig. 1. The computational model of a lined diversion tunnel in a full space.
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where K, (e) denotes the modified Bessel function of second category
with order n. ki; = s/Cy;s represents the frequency-domain wavenumber
of transverse wave in rock mass. Aj, and B;, stand for unknown
complex coefficients in the frequency domain. When the incident P-
wave impinges on the rock mass-liner interface, incoming scattered
waves in the liner appear. At the inner boundary of the liner, outgoing
scattered wave generate. Consequently, the frequency-domain
displacement potentials in the liner are expressed as

e

[Aznla (kapr) + BauKy (kopr) Jcosné

(s)
2
an

[C2nIn (EZSr) + D2nKn (Ezsr) ]sinn9

Il
M £

o

n=

where Ay, Bo,, Ca, and Dy, denote unknown complex coefficients,
determined by boundary conditions.
Therefore, the total frequency-domain wave fields in the rock mass

are represented by ¢, = W +¢Ts) and y; = y/_(ls), respectively. Similarly,

the overall wave fields of liner in the Laplace domain are expressed as ¢

= 4;;5) andy, = 1//(23 ), respectively. According to the relationship between
the frequency-domain potentials and stress and displacement compo-
nents, the corresponding displacement and stress components are
evaluated by

*¢, 01 oy,
5 = WV ¢,+2pl{ar42’z+a_r(;%)}
10p, 10, 110y oy,
= el . R, Wt .« Rt ¢ 12
Ogo = xlv¢l+2pl{(0r+r692)+r(r 20 6r66‘) 12)

{26@713&) ( 1 oy, 0(1 01|11)}

rordd r2 06 2 9  or

0,

Y=o Tr e 13)
= L% 0w,

T r o0 or

Substituting the displacement potentials ¢, and ¥, into Eqs.(13) and
(14) results in the frequency-domain stress and displacement compo-
nents in the rock mass

2 0
o = 20> [ Fode (-

n=0

+ Bing3, (kys) | cosnd 14)

1)"fi(s)ey (kapr) + Awnedy (Kapr)

~1)"fi(s)ely (Elpr) +Aunel (Elpr)

n=0
+ Bingd, (ksT) ]sinng (15)
2y Sk — ~
Gon = % Z [e ™ e, (—1)"f1 (s)es; (kip) + Arnedy (Kipr)
n=0
+ Bua€d, (kisr) | cosnd (16)
e . .
Ur = - Z [efkl" (=1 (5)5;1 (klpr) +A1n5§1 (klpr)
n=0
+ Bingd, (kysr) | cosnd a7

B - T - — —
Uy = 7 Z [efklpdt‘!n(—l) fi (5)5}131 (klpr) +A1n6‘§1 (klpr)

n=0

+ Buneg, (kisr) | sinnd (18)
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where the detailed expressions ofe{-}‘- 0)(i=1,2,4,7,8j=1,2; k=
1, 3) are given in Appendix A. Similarly, substituting the displacement
potentials ¢, and i, into Eqs.(13) and (14) leads to following frequency-

domain stress and displacement components in the liner

2,
O = HZ Z Aznfll(kgpr) + Bon€3y (kopr) + Conety (kasT)

+ Dng3, (kasr) Jcosnd 19)

Q

2y — — _
0 = % Z [AZHSZI (kzpr) + ané‘il (kzpr) + C2n€32 (kgsr)
n=0

+ D2n€32 (Ezsr) ] sinnd (20)

O = rL Z A2n€21 kzpr -+ BZH€21 (kzpr) + C2n€22 (szr)

=0
+ Dned, (kast) | cosnd 21
I _ . .
u = ; Z [AZHS;I (k2pr) + BZ"S;’I (kzpr) + Czn(;‘;z (szr)
n=0
+ Dynesy (kasr) | cosng (22)

>

Il
N
[]e

=
Il
o

[Azné‘gl (Ezpr) + ané’gl (Ezpr) + Czné’gz (E25r>
+ Daned, (kosr) | sinnd 23)

where the expressions ofeg( 0)(i=1,2,4,7,8j=1,2,k=3,4)in
detail are represented by Appendix A. Based on the differential relation
in the Laplace domain, the frequency-domain velocity components in
the rock mass or the liner are represented by v, = su, and vy = su.

2.3. Frequency-domain solutions of wave equations in fluid

The lined tunnel is filled with the no-viscous compressible ideal fluid
and the equation of motion for an inviscid fluid that cannot support
shear traction is expressed as

u
K,VVu, = pwaTzw 24)
where u,, denotes the displacement in the inviscid fluid. Based on the

Helmholtz decomposition principle, displacement vector is represented

by u, = V¢$)~ Substituting the potential into Eq.(24) leads to the
following time-domain wave equation.

246) ’u,
K.V, =p,, e (25)

Applying the Laplace transform to Eq.(25) results in the following
frequency-domain equation.

= p, s (26)

The general solution of Eq.(26) in the Laplace domain is given by

KoV

= Z Asul, (kspr) cosnd 27)

where Ag, denotes the undetermined coefficient, obtained by the
boundary conditions. ks, =s/C, with C, = \/Ky/p,, represents the
longitudinal wavenumber in the inviscid medium. In the ideal fluid, the
displacement and pressure components are expressed as
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Tablel
The Iseger algorithm parameters.
% By
0.00000000 1.00000000
6.28318530 1.00000000
12.5663706 1.00000015
18.8502914 1.00081841
25.2872172 1.09580332
34.2969716 2.00687652
56.1725527 5.94277512
170.533131 54.9537264
WY 1S e
P= = Z [Asnes, (kspr) Jcosnd
n=0
Loy 15~ ek (28)
Uy=-—-2== As,g, (kspr) |sinnd
Uy r 00 rZ[3”81(3P)}

where the expressions of e{.]‘.( e ) in detail are given in Appendix A.

2.4. Boundary conditions and normalization
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ObbR = ObbL,

OhoR = OboL
¥ g 29
Sowr = Kr(or — Tp1), 29

Shor = Ko (Usr — Uor)

where Gpp R, Obb1s OboR> OboL > UbRs UbL, Ugr and Uy respectively stand
for the stress and displacement components, where the subscripts R and
L represent the corresponding components in the rock mass and liner.

At the inner boundary of the lined tunnel (r=a), the radial
displacement and stress present continuous characteristics, while the
shear traction vanishes, leading to the following equations.

Oaal = Oaaw

Ugr = Ugw (30)
Gwr =0

where the subscript w denotes stress or displacement components in
water.

Combining Egs.(14) -(23) with Egs.(28)-(30), the following matrix
equation in the frequency domain is determined for any order n.

Ry.7Qr1 = € U (s)en(—1)"Py s 31

where the detailed element expressions of the coefficient matrix Ry.7
are provided in Appendix B. The vectors Q,,; and P, are represented
by

Q7><1 = [AlmBlmAZnszm Czn1D2n7A3n]T (32)
In engineering practice, an imperfect interface frequently exists be-
tween the rock mass and the lining due to surface irregularities,
waterproof board, microcracks, foliation, meso-scale cavities, joints,
e s 1) - 2 _ 2 T
Pros = (LY (k) RESY (k) B (k) — S B0 (Ropb). B (k) — 2 (k). 0.0,0 (33)

faults or wall roughness [7,8,10], which prevents full contact. In the
existing investigations [7,9,10,40], the spring model is employed to
model and present the mechanical characteristics of the rock mass-liner
imperfect interface. The spring model assumes that stress components
are characterized by continuity, while the displacement components
present discontinuous characteristics, where the radial and shear trac-
tions are proportional to the corresponding displacement jumps [11].
Based on the concept mentioned above, the boundary conditions at the
rock mass-liner interface (r = b) are represented by

£
VUL e | | | |||
[Frequency flelds distributions|
;LW SO |
E
S Time-domain filds distributions|

Fig. 2. Computational flowchart of theoretical time-domain response.

where Eﬁj‘.( e ) denote the value of g;}( e ) at the rock mass-liner or liner-
fluid interface. fi = y; /u, represents the ratio of shear modulus of the
rock mass to that of the liner.

When the harmonic incident P-wave propagates through the intact
homogeneous rock mass, the frequency-domain stress intensity and peak

velocity in the propagation direction are represented by 6y = ulii and
Vo = s%/Cyp, respectively, which are regarded as the normalization
factors [6]. Therefore, the dynamic stress concentration factors and
velocity scaling factors in the Laplace domain are defined as [27,28]

O (S) = 0 /00
G0 (S) = Gop/Go (34
Gra(S) = Gro/T0

V(s) = /%
Vils) = Vo /% %)

where 6,-(s), a0 (5), 0r0(s), ¥r(s) and V4(s) represent the non-dimensional
stress and velocity responses in the frequency domain. Using numerical
inversion algorithm represented by Section 2.5, the frequency-domain
response mentioned above can be inverted into the corresponding
time-domain solution.

2.5. Numerical inversion algorithm

The numerical inversion algorithms including combination of Gave
functionals, deformation of the Bromwich contour, Fourier series
expansion and Laguerre function expansion are frequently employed to
invert the frequency-domain response into the corresponding time-
domain counterpart [41]. Various algorithms exhibit different
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computational accuracy and numerical stability. Based on the existing
investigations [41-45], the Den Iseger is adopted in this paper. The Den
Iseger algorithm is based on the Poisson summation formula, which
belongs to the category of Fourier series expansion method. Its core
advantage lies in the ability to accurately handle discontinuous, singular
and rapidly varying functions.

The algorithm employs Gaussian quadrature and the fast Fourier
transform (FFT) to approximate an infinite series and compute time-
domain results. Key parameters for this algorithm include the total
computation duration tp,x, the number of sampling points M in the
range of [0, tmax], the step size A = tm./(M — 1), the oversampling
factor nprp (original proposal recommendation nrp=8 and My =nprpM),
and the function-type parameter np. For stable and reliable inversion,
two fundamental conditions must be satisfied: The number of sampling
points must satisfy M > 10ty,.x and the inversion of the step size, 1 /A,
must be an integer. The Den Iseger algorithm includes the following
steps. First, the real parts of the frequency-domain functions at discrete
points are evaluated by

_ | ap +4i+E8 422

By, = Re DT Z B, { A, } (36)
I A

ho =3 ; B;(hjo + hins,) (37)

where My =8M, ap =44/M,, np = 16, k; ranges from zero to M, and j
ranges from one to np/2.

According to the reference [43], the algorithm parameters of the
numerical inversion are selected as Table 1.

Moreover, when k; ranges from zero to M, — 1, substituting Eqs.(36)
and (37) into Eq.(38) evaluates the following real numbers using the
backwards FFT algorithm.

My—1

m1 Z hkl

2kl

27:m1 kl

) (38)

Finally, when m; ranges from zero to M — 1, the ultimate time-
domain solutions inverted by the numerical algorithm on a regular
grid of time points are evaluated by

h(t) = €™ by, (39)

Based on aforementioned descriptions, the overall computational
flowchart for a lined diversion tunnel subjected to blasting or earth-
quake load in a full space is illustrated in Fig. 2.

3. Computational accuracy analysis and verification
3.1. Error analysis

The theoretical derivation process in Section 2 reveals that the pre-
cision of the ultimate time-domain solutions is affected by the inversion
algorithm and the truncation term of the infinite series. The existing
investigations regarding transient unloading of in-situ stress in deep
engineering and dynamic perturbation in half or full space have revealed
that the Den Iseger algorithm presents high computational accuracy and
excellent numerical stability so that the error originating from the nu-
merical inversion is ignored [25,26,41-48]. To investigate the error
caused by the truncation term of displacement potentials, the following
time-domain relative error function of the circumferential stress is

defined as e, =

o\ (-6 (1) . . .
~—® | at the inner boundary of the diversion
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tunnel. When the relative error e, is less than 10~ in time interval
[0, tmax), this summation term is regarded as the final truncation term.
Here the physical parameters including elastic modulus, Poisson’s ratio
and mass density of the rock mass and the liner as well as bulk modulus
and mass density of the fluid are 50 GPa, 30 GPa, 0.22, 0.25,
2700 kg/m®, 2500 kg/m°, 2.18 GPa and 1000 kg/m?, respectively. For
the case of b= 1.2a, d=b, dimensionless rising time 7, = “’ L = 2.0 and
total duration z; = 10, Fig. 3 depicts the time-history variations
regarding the relative function of the right sidewall at the fluid-liner
interface. It can be identified that remarkable improvement of the
computational precision appears as the truncation term of the infinite
series increases. Considering the time complexity and the computational
accuracy, the truncation term n =16 is adopted in the following
calculation.

3.2. Comparisons of degenerate solutions with the existing results

In this section, it is assumed that the radial and hoop elastic co-
efficients of the imperfect interface tend to be infinity (K;=Ky=1000 1/
b) so that the imperfect model is degenerate into the perfect counterpart.
When the physical parameters of the liner are consistent with those of
the rock mass and the bulk modulus of the fluid tends to be zero, the
current computational model is degenerate into the empty cavity pre-
sented by Li et al. [22]. When the physical and disturbance parameters
including elastic modulus, Poisson’s ratio, mass density, dimensionless
rising and total times are 18.73 GPa, 0.206, 2750 kg/ms, 20 and 100,
respectively, consistent with the reference [22]. Fig. 4 plots the
non-dimensional time-history curves of the circumferential stress at the
right sidewall and roof. It is observed that the present degenerate so-
lutions are consistent with the existing results obtained by combining
WFEM, Fourier synthesis method and Duhamel integral.

Here the physical parameters including elastic modulus, Poisson’s
ratio and mass density are 50 GPa, 0.22 and 2700 kg/m?® for the rock
mass and 30 GPa, 0.25 and 2500 kg/m?® for the liner, respectively, same
as the reference [27]. The bulk modulus of the fluid tends to be zero so
that the current computational model is degenerate into the single lined
tunnel. For the case of K;= 0.1 y1/b, Ko= 100 y1/b, b= 6.5 m, a= 6.0 m,
dimensionless rising time 7,= 5.0 and total duration z,= 25, Fig. 5 dis-
plays the dimensionless variations of hoop stress of the two sidewalls
and roof at the rock mass-liner interface and inner boundary. It is seen
that the current degenerate results are in good agreement with the
existing solutions in reference [27].

Here the radial and hoop elastic coefficients of the imperfect inter-
face tend to be infinity (K;=Kp=100 p1/b) so that the imperfect model
can be degenerate into the perfect counterpart. The physical parameters
of the solids and geometry dimensions of diversion tunnel are consistent
with the preceding lined tunnel, while the bulk modulus and mass
density of the fluid are set as 2.18 GPa and 1000 kg/m?, respectively.
The dimensionless rising time 7,= 2.0 and total duration z;= 10.0 for
triangular disturbance load are adopted. Fig. 6 plots dimensionless hoop
stress response at the rock mass-liner interface and fluid pressure
response at the tunnel center. It is identified that the current solutions
are consistent with those presented by Li et al. [21], which are based on
combination of WFEM, Fourier synthesis method and Duhamel integral.

3.3. Comparisons with numerical results

Based on a self-developed software, namely Cellular Automata Soft-
ware for engineering Rockmass fracturing process (CASRock) including
elasto-plastic cellular automaton (EPCA), dynamic elasto-plastic cellular
automaton (D-EPCA) [47], viscous elasto-plastic cellular automaton
(V-EPCA), thermo-hydro-mechanical-chemical elasto-plastic cellular
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Fig. 4. The dimensionless circumferential stress variations at the right sidewall
and roof.

automaton (THMC-EPCA) and rock discontinuous cellular automaton
(RDCA), numerical simulation is performed. Here, only D-EPCA is adopted
and a numerical model considering effect of water is established to further
verify the theoretical results. The numerical model with dimensions 120 m
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x 120 m is adopted and physical parameters for solids, fluid and geo-
metric parameters are consistent with aforementioned lined diversion
tunnel. The left border of the computational model is subjected to trian-
gular blasting P-wave, where the rising and total times are 2.83 and
14.14 ms, respectively. The upper and lower boundaries are subjected to
normal constraint and right boundary is set as viscous artificial boundary
condition (VABC) to absorb the stress wave. Fig. 7 displays the dimen-
sionless time-domain variation of stress in surrounding rock and liner and
fluid pressure at the tunnel center. It is identified that the theoretical so-
lutions at monitoring points are consistent with numerical results obtained
by D-EPCA, verifying the proposed method.

4. Transient response induced by blasting P-wave

In this section, the physical and geometric parameters for the rock
mass, liner and fluid are consistent with those specified in Section 3.1.
Time is initialized when the wavefront of the disturbance P-wave rea-
ches the rock mass-liner interface. The transient P-wave is simplified as a
triangular load with peak value Pe, rising time t, and total duration t;.
The relation between the outer and inner radii is b= 1.2a. The non-
dimensional rising time 7, = 2.0 and total duration 7z, = 10 are adop-
ted unless otherwise specified.

4.1. Effect of physical parameters of rock mass

For the case of Ky=K;= 100 u;/b, elastic modulus of the rock mass
ranging from 15 to 45GPa, Fig. 8 depicts the dimensionless
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Fig. 5. The dimensionless circumferential stress variations at the rock mass-liner interface and inner boundary.
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circumferential stress variations at the rock mass-liner and liner-fluid
interfaces. As illustrated in Fig. 8a, the hoop stress of the shadow side-
wall at the rock mass-liner interface first undergoes compressive stress
concentration, followed by tensile stress concentration, and finally re-
bounds to near zero. With an increase of elastic modulus in the rock
mass, the peak tensile stress at the rock mass-liner interface gradually
increases, while the peak compressive stress first increases and then
decreases. A similar trend is observed at the shadow sidewall of the
liner-fluid interface, while the peak compressive and tensile stresses
both present a decline. As demonstrated in Fig. 8b, the roof of the
diversion tunnel is characterized by compressive stress concentration.
As the elastic modulus increases, peak stress at the rock mass-liner
interface first presents an increase and then stabilizes, while the oppo-
site trend appears at the liner-fluid interface. As depicted in Fig. 8c, the
time-history curves of tangential stress at the incident sidewall of the
rock mass-liner interface first undergo a transformation from compres-
sive stress concentration to tensile counterpart, then experience recip-
rocating fluctuations, and finally converge to the undisturbed state. The
peak compressive stress at the rock mass-liner interface presents a
reduction as the elastic modulus of the rock mass increases, while
counterpart of tensile stress first presents an increase and then un-
dergoes a decline. At the incident sidewall of the liner-fluid interface,
time-history curves of tangent stress first undergo tensile stress con-
centration, then rebound, and ultimately stabilize at the undisturbed
state, where the peak tensile stress gradually decreases as the elastic
modulus of the rock mass increases. Compared with the empty or lined
cavity in the references [22,30], the more remarkable oscillations for
time-history response appear for the fluid-filled lined tunnel even if the
imperfect interface is degenerate into the perfect counterpart.
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Fig. 9 displays the dimensionless fluid pressure variations atr = 0.5a
and the tunnel center under blasting P-wave. It is identified that the
pronounced wave impedance variation between solid and fluid induces
repeated pressure transmission and forms multiple scattering super-
position. This repeated loading and unloading process is directly man-
ifested as pressure fluctuations. As the elastic modulus of the rock mass
increases, peak fluid pressure gradually decreases and oscillations of
time-history curves gradually intensify. Compared with the response in
the rock mass and the liner, time-history fluctuations in the fluid are
more remarkable.

4.2. Effect of radial elastic coefficient

For the case of Kg= 100u1/b, K;= 0.1y1/b, pi1/b, 10u1/b and 100u1/b,
Fig. 10 displays the time-history variations of dimensionless circum-
ferential stress at the two sidewalls and roof of the rock mass-liner and
liner-fluid interfaces. It is identified that reciprocating compressive-
tensile stress alternations with a gradual decreasing amplitude appear
at the two sidewalls for the small K; (e.g. K;=0.1y1/b). As K; increases,
the maximum tensile-compressive stress amplitude gradually decreases
and the time-history oscillations induced by the repeated stress accu-
mulation and release also gradually weaken at the two sidewalls. As
demonstrated in Fig. 10b, the roof also undergoes remarkable oscilla-
tions for the small K;. The peak compressive stress around the rock mass-
liner interface first presents a gentle reduction and then maintains a
stable constant as the K; increases, while counterpart around the liner-
fluid interface presents a gradual increase and then maintains a stable
value. When the K; exceeds 10u1/b, the dynamic response of the
imperfect interface model converges to those of the perfect counterpart.
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Fig. 9. The dimensionless hoop stress variations in the fluid for different elastic modulus of the rock mass.
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Fig. 10. The dimensionless circumferential stress variations at the rock mass-liner and liner-fluid interfaces under various K.

Fig. 11 plots the time histories of fluid pressure at r = 0.5a and the
tunnel center when the radial elastic coefficient ranges from 0.1y;/b to
100u1/b. Stronger radial rock mass-liner contact amplifies the amplitude
of scattered waves in the liner, resulting in a remarkable fluid pressure
amplitude with minimal time-dependent oscillations. In contrast, poor
radial contact induces the opposite variation due to the repeated energy
accumulation and release. Compared with the dynamic response in the
solid domains, the peak dynamic fluid pressure is smaller and exhibits
remarkable fluctuations. This discrepancy arises because the solid ex-
hibits higher stiffness and better energy transmission continuity,
whereas the fluid is more susceptible to wave dispersion and interface-
induced energy scattering, leading to differences in peak magnitude
and fluctuation characteristics.

Fig. 12 plots the peak absolute variation of hoop stress at the rock
mass-liner and liner-fluid interfaces under blasting P-wave. It can be

11

identified from Fig. 12a that the peak hoop stress at rock mass-liner
interface first presents a reduction and then maintains stable distribu-
tion as K; increases. As depicted in Fig. 12b, the peak dynamic hoop
stress at the roof first exhibits an increase and then maintains stable
value as K; increases. However, the peak dynamic hoop stress at the two
sidewalls generates a reduction and then converges to that of perfect
interface model. This variation is consistent with the lined tunnel
without fluid filling, while the existence of fluid results in a reduction of
compressive stress at the roof and an increase of tensile stress at the two
sidewalls.

Fig. 13 plots the temporal and spatial evolutional process of third
principal pressure around the diversion tunnel. Due to the various wave
impedance among several media, scattering and diffraction appear
when wave front reaches around the diversion tunnel, leading to
remarkable local dynamic stress concentration. As the elastic modulus of
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Fig. 12. Distributions of hoop stress at the rock mass-liner and liner-fluid interfaces under various K;.

rock mass exceeds that of the liner, the stress concentration degree in the
rock mass is more pronounced than those of liner and fluid. As time
ranges from 13 to 17 ms, stress concentration in rock mass shifts from
the left spandrel and corner to the roof and floor. The smaller K; is, the
more remarkable stress concentration degree occurs. Moreover, a
discontinuous stress area between the rock mass and the liner appears
around the right sidewall. The smaller K; is, the more pronounced
variation occurs.

4.3. Effect of hoop elastic coefficient

For the case of K; = 100u1/b, Ko= 0.1p1/b, u1/b, 10u1/b and 100u,/
b, Fig. 14 plots the circumferential stress variations at the sidewalls and
the roof. As depicted in Fig. 14a, the right sidewall at the rock mass-liner
interface first undergoes low-amplitude compressive stress concentra-
tion, followed by tensile stress concentration and ultimately converges

12

to zero. As Kj increases, the peak tensile stress at the rock mass-liner
interface gradually decreases and eventually stabilizes at a stable
value. At the liner-fluid interface, a transformation from compressive
stress concentration to tensile counterpart occurs and stress fluctuation
gradually decreases as Ky increases. As demonstrated in Fig. 14b, the
roof around the rock mass-liner interface is characterized by the
compressive stress concentration, where peak value gradually decreases
to that of the perfect interface model as Ky increases. Peak compressive
stress at the roof of liner-fluid interface gradually increases and finally
maintains a constant as Ky increases. As illustrated in Fig. 14c, the peak
tensile stress at the rock mass-liner interface gradually decreases and
then maintains stable constant with increasing Kp. Stress at the liner-
fluid interface generates pronounced oscillations for small Ky, where a
transformation from the compressive stress concentration to tensile
counterpart appears as Ky increases. Compared with dynamic response
under various K;, the stress fluctuations at the rock mass-liner and liner-
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Fig. 13. The evolutional process of the third principal stress around the diversion tunnel under various K.

fluid interfaces weaken, revealing that dynamic response of surrounding
rock and liner are more sensitive to the variation of K.

Fig. 15 plots the time histories of fluid pressure at r = 0.5a and the
tunnel center when the hoop elastic coefficient of imperfect interface
model ranges from 0.1x7/b to 100u1/b. A consistent temporal evolution
pattern is observed for the pressure wave waveforms at all monitoring
locations. An initial large-amplitude pressure pulse is followed by
reciprocating oscillations with gradually decaying amplitude, which
ultimately converge to the undisturbed state. Notably, the fluid pressure
variation is immune to Ky and the time-history response of dynamic
pressure remains identical under various Kp.

K; characterizes the normal stiffness of the rock mass-liner interface
along the radial direction, which serves as the dominant path for stress
wave transmission between the solid domains and the fluid, and its
variation directly modulates the coupling efficiency of normal stress
waves. A high K, enables rigid, low-loss transmission of radial stress
waves to the liner, exciting large-amplitude scattered waves, while a low
K, renders the radial interface compliant, leading to repeated reflection,
energy accumulation, and secondary transmission of stress waves at the
rock mass-liner gap. Ky describes the tangential stiffness of the rock
mass-liner interface, whose function is limited solely to shear stress
transfer and circumferential wave propagation within the solid domains.
Fluid pressure is primarily driven by normal stress fluctuations rather
than tangential shear effects and variations in K¢ do not affect the
transmission efficiency of radial stress waves to the fluid domain. Wide-
range adjustments only alter the circumferential distribution of stress
inside the liner, rather than exerting a significant influence on the radial
liner-fluid coupling process that governs fluid pressure evolution. This
fundamental difference in load transmission direction and coupling
mechanism is the core reason why fluid pressure response is highly
sensitive to K; yet completely insensitive to K.

Fig. 16 displays the distributions of hoop stress at the rock mass-liner
and liner-fluid interfaces under various Ky. The peak circumferential
stress around the roof and two sidewalls of the rock-liner interface
presents a gradual reduction and ultimately converges to that of perfect
interface model as Ky increases. In contrast, at the liner-fluid interface,
the peak hoop stress around the roof exhibits an increase, while two
sidewalls present a reduction and finally converge to that of the perfect
interface model.

5. Transient response induced by seismic P-wave

The blasting P-wave is simplified as a triangular curve in Section 4,
while this wave simplification fails to capture the actual variation
characteristic of seismic P-wave in practical engineering. Herein, a series
of continuous piecewise linear functions in Eq.(1) are employed to

describe the detailed temporal variation of seismic P-wave, where its
acceleration, velocity and displacement time histories are illustrated in
Fig. 17. The physical and geometric parameters of rock mass, liner and
fluid remain consistent with those presented in Section 3.1 unless
otherwise specified.

5.1. Effect of physical parameters of surrounding rock

For the case of Kg=K;= 100 y1/b (characterized by perfect contact),
elastic modulus of the rock mass varied by 15, 25, 35 and 45 GPa, Fig. 18
records the tangential stress time histories at the rock mass-liner and
liner-fluid interfaces. As illustrated in Fig. 18a, the peak tensile and
compressive stresses at the rock mass-liner interface along the pertur-
bation direction gradually decreases and stress oscillations are gradually
attenuated as elastic modulus of rock mass increases. However, the peak
tensile and compressive stresses perpendicular to the disturbance di-
rection presents a contrary variation. As plotted in Fig. 18b, the peak
tensile and compressive stresses at the liner-fluid interface first presents
an increase and then a reduction along the incident direction. Further-
more, along the disturbance direction, the peak stresses at the liner-fluid
interface are larger than those at the rock-liner interface. Perpendicular
to the incident direction, the stress response at the liner-fluid interface
basically maintains consistency, immune to the variation for stiffness of
the liner under seismic P-wave. These results indicate that the regions
perpendicular to the disturbance direction undergo more pronounced
stress variations under seismic P-wave, warranting special attention in
practical engineering.

5.2. Effect of radial elastic coefficient

For the case of Kg= 100u1/b and range of K; from 0.141/b to 100u1/b,
Fig. 19 displays the time-domain response of radial acceleration at the
incident sidewall of both the rock mass-liner and liner-fluid interfaces. It
is observed from Fig. 19a that the acceleration variation at the incident
sidewall of rock mass-liner interface presents basic consistency,
revealing that vibration of acceleration is immune on the rock mass-liner
contact state. However, pronounced fluctuations occur around the
imperfect rock mass-liner interface. The worse the radial contact, the
more remarkable oscillations. As illustrated in Fig. 19b, although the
radial contact is characterized by perfect contact (K;= 100u1/b), the
radial acceleration at the incident sidewall of the liner-fluid interface
presents remarkable fluctuations. The liner-fluid interface is more sen-
sitive to acceleration response than rock mass-liner interface under
various radial elastic coefficients.

For the poor radial contact (e.g. K;=1/b and 0.1p1/b), Fig. 20 dis-
plays the circumferential stress variation at the two sidewalls and roof of
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Fig. 14. The dimensionless circumferential stress variations at the rock mass-liner and liner-fluid interfaces under various Kj.
the rock mass-liner and liner-fluid interfaces. It is identified that larger without subtle fluctuations, immune to variation of hoop elastic coeffi-
stress amplitude at the liner-fluid interface occurs along the disturbance cient. In contrast, as demonstrated in Fig. 21b, the radial acceleration at
direction, while larger peak stress at the rock mass-liner interface ap- the incident sidewall of the liner-fluid interface presents prominent os-
pears in regions perpendicular to the perturbation direction. The peak cillations due to intricate mutual interaction. As illustrated in Fig. 22,
circumferential stress along the perturbation direction presents an in- reciprocating tensile and compressive stress concentrations induced by
crease as K; decreases, and counterpart perpendicular to the disturbance seismic P-wave appear around the diversion tunnel. The smaller hoop
direction exhibits an increase. elastic coefficient is, the larger peak tensile and compressive stresses are

and the more remarkable stress fluctuations along the disturbance di-
rection occur, resulting in easier damage and failure of the surrounding

5.3. Effect of hoop elastic coefficient .
rock and liner.

For the case of K;= 1001 /b and range of Ky from 0.147/b to 10041/b,
Fig. 21 depicts the time-domain response of radial acceleration at the
incident sidewall of the rock mass-liner and liner-fluid interfaces. It is
observed from Fig. 21a that the radial acceleration at the incident
sidewall of the rock mass-liner interface exhibits consistent variation

6. Conclusions

Based on the Laplace transform, the frequency-domain response of a
deep-buried circular lined diversion tunnel with imperfect rock mass-

14
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liner interface under planar blasting or seismic P-wave was obtained.
Then time-domain response of stress, acceleration, velocity and
displacement components in solid and fluid domains was evaluated by
the numerical inversion algorithm of Laplace transform. Several theo-
retical and numerical limitation cases were employed to verify the
proposed methodology. The effects of elastic modulus of surrounding
rock and interface parameters of the imperfect model on transient
response induced by blasting and seismic P-waves were discussed. The
following conclusions can be drawn:

(1) The scopes perpendicular to the perturbation direction generated
pronounced dynamic compressive stress concentration induced
by triangular blasting P-wave. The existence of fluid intensified
the mutual interaction between stress wave and surrounding
rock, liner and water, resulting in more remarkable stress and
pressure fluctuations than an empty or a lined tunnel without
fluid-filling.

(2) The rock mass-liner contact state had a significant influence on
the transient response of surrounding rock, liner and water under
blasting P-wave. The stress oscillation gradually deceased as the
radial or hoop contact gradually improved. The radial contact
remarkably affected dynamic response of water, while the tran-
sient response of fluid was immune to the hoop contact. The
transient response around the diversion tunnel with imperfect
interface converged to that with perfect contact when both K; and
Ky exceeded 10u1/b.

(3) Scopes perpendicular to the disturbance direction generated
more pronounced stress variation under seismic P-wave, special
attention should be paid in practical engineering. The rock mass-
liner interface under various radial elastic coefficients was more
sensitive to acceleration response. The acceleration response
around the liner-fluid interface presented remarkable fluctua-
tions due to complex interaction.

The theoretical framework of this study is based on several

Appendix A

Deep Resources Engineering 3 (2026) 100237

fundamental and widely accepted assumptions, which make the com-
plex wave-scattering problem analytically tractable. The surrounding
rock and the liner are modeled as homogeneous, isotropic, linear elastic
materials, while the internal fluid is assumed to be an inviscid,
compressible ideal medium. Although these assumptions provide a clear
and essential baseline model, they inherently exclude the investigation
of several important real-world complexities, such as material satura-
tion, nonlinearity, heterogeneity, anisotropy, and fluid viscosity. These
simplifications define the scope of the present work and establish a
necessary foundation. Future research will focus on extending the
analysis to incorporate the effects of saturated porous medium in full- or
half-space configurations, thereby enabling the study of transient
response under more realistic geological and hydraulic conditions.
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The detailed expressions of g{.}( o ) for displacement and stress components in the surrounding rock are expressed as

el (kapr) = (1% — 1+ 0.5k, I (Ryr) — Kaprlnca (Kipr)

e (kipr) = (n* 1 +0.5ky,r) Ky (kpr) +KiprKo i (ipr)

8;32) (kysr) = (n* —n)K, (kysr) — nkys7 K (kasr)

ey (kypr) = < —n’+n+ O‘SEirz - Efprz)ln (Kipr) + kiprhnsa (Kspr)
e} (kapr) = (= 1+ 1+ 0.5K;,r2 — K12 ) Ko (kspr) — rpr 1 (Fypr)
ey (kigr) = (—12 + n)Kn(Kasr) + nki Koz (Kagr)

ey (kipr) = (—% + )L, (kpr) — kit (Kapr)

ey (kipr) = (—n? + n) Ky (Kipr) + nkyprKnsa (kipr)

e (kygr) = (= n? +n — 0.5ky,r?)Kn(kier) — kigrKo (ki)

ey (kipr) = nly (Kipr) + Kaprhysn (KipT)

) (kpr) = Ky (Kipr) — kiprKni1 (KapT)

5 (kyr) = Ky (kasr)

(A1)

(A. 2)

(A.3)

(A. 4)
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E'2(311) (Elpr) = —nl, (Elpr) (A. 13)
egy (kypr) = —nk (Kypr) (A 14)
S?Z) (Elsr) = 7n-Kn (Elsr) + ElernJrl (Elxr) (A 15)

The detailed expressions of 51‘}( o ) for displacement and stress components in the liner are expressed as

el¥ (kopr) = (12 — 1+ 0.5K3,7) I (Kapr) — KaprTn1 (Kapr) (A. 16)
ety (kyr) = (> —n+ 0.5E§5r2)1<,1 (kapr) +kaprKino1 (kapT) (A. 17)
ety (kast) = (2 — 1) Iy (kar) + nkagrTy i (kast) (A. 18)
ety (kair) = (n* — 1)Ko (kas) — nkasTKn1 (KasT) (A. 19)
et (kapr) = (=% + 1+ 0.5K5,r% — K, ) o (Kapr) -+ KaprTas1 (Rzpr) (A. 20)
e (Rypr) = ( —n?+n+ 0.5k, — EZPrZ)K,l (kapr) — KaprKn1 (Kapr) (A. 21)
ey (ker) = (=12 + n) L (k) — nkyrl 1 (kor) (A. 22)
€5y (kas?) = (—1% 4 1) Ky (kasT) + nkasTKni1 (KosT) (A. 23)
ey (kgpr) = (=% + n) I (kgpr) — nkgprLyq (kgpr) (A. 24)
ey (kapr) = (—n? + n) Ky (kapr) + nkoyrKn1 (kapr) (A. 25)
e (kasr) = (= 1% + 1 — 0.5k, Ly (Raer) + Kost s (Kas) (A. 26)
) (kyst) = (-n*+n- O.SEESTZ)KH (kasT) — kasTK 41 (KasT) (A. 27)
ey (kapr) = nly (kopr) + kaprin (kapr) (A.28)
) (kgpr) = 1K, (kapr) — kaprKpa (kzpr) (A. 29)
e (kar) = nly (ko) (A. 30)
£ (kasT) = Ko (kosr) (A. 31)
ey (opr) = —nly (kzpr) (A. 32)
eg1 (kopr) = =Ky (Kapr) (A. 33)
gy (Kast) = —nly(Kast) — kst (k) (A. 34)
e (k) = i (kr) + Kot (Kaer) (A. 35)

Appendix B

The detailed element expressions of coefficient matrix R are represented by

Ry = —E (kypb), Riap = —22ED) (kib), Rys = B (kypb) (B.1)
Ha Ha

R4 = Eﬁ) (EZpb)v Ris5 = Eg)(Ezsb), Rig = E<142) (kasb), Ri7 =0 (B. 2)

Ry = —LEY) (kypb), Ros = —22EQ) (kyb), Rys = ESY (Kapb) (B. 3)
Ha Ha

Rog = EEG) (kapb), Ros = E%) (kasb), Ra6 = EE142) (kasb), Ry7 =0 (B. 4)

= 2 — _ 2 _
Roy = —Ef} (kipb) + L (kipb), Roa = ~E5) (kib) + 22 (kvcb) (8. 5)
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Ry3 = Ej) (kopb), Raa = Ej) (kzpb), Rys = Ey) (kasb), R = Eyg (kasb)

R37=0,R47=0

- 2 - — 2 —
Rux = ~Eg) (kipb) + 52 (Ripb). Ra = ) (Rub) + EEE (kvb)

Ry3 = Ef) (kapb), Rasa = Eg (Kopb), Ras = Eg) (kasb), Ras = Eg) (Kasb)
Rs1 =0, Rs» =0, Rs3 = EY (kppa), R4 = E (k.
5.1 , Rs2 , Rss 11 (k2pa), Rsa 11 (k2p)
)k )k e’ X
Rss = B (kn), Rss = B} (kaa), Rsy = 0.5 x (k) p3 / pala (kspr)
Rs1 =0, Re» =0, Rgs = E (k. Res =EY (k.
6.1 y Re2 s N3 41 ( 2p(1), 6.4 41 ( 2pa)

Res = E¢(132) (k2sa), Res = EE;‘Z) (kssa), Re7 = 0

R71=0,R75=0,Ry3 = E§31) (EZpa), R74= E%) (EZPG)

Rys = Eyy) (kai), Rys = Eyy (kasa), Ry7 = —E5Y) (kspa)
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